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Topic 8 - Method of

undetermined crefficientsJ
We want to be able to solve :

a
, y"+ a , y + a . y = b(x)

Where az
,
a

,
as are constants.

-
method:

① Find general solution Yu to]topic
azy"+ a

, y + a .y = 0

lotion topic
② Guess a particular so

g
Yp to

a22"+ a , y+ noy = b(x) 1
③ The general solution to

Ti



is

any" + a , y + aoy =

b(x))
6

=en + yp

This table is on handout

on the website. For guessingyp-



E: Find the general solution to

y + 3y+ 2y = 2x

ol: Solve

y"+ 3y+ zy = 0

The characteristic equation is

torway:
n2+ 3r + 2 = 0

(+= 0

r = - 1
,

- 2

The roofs are :

r =
-4 (1)(2)

2(1)

- 315
= -

2

=-



we+ ce
-

&2 : Guess a solution up
to

y"+ 3y+ zy = 2x3 &

Let's guess ⑮7 unknown

yp = Axi+ Bx + C numbers

We have

y =
2Ax + B -

y= 2A

Plug these into the nation to get

#+3
+)+x

Yp



We get
2A + 6Ax + 3B + 2Ax+ 2Bx + 2) = 2x2

Regrouping :

**BIX3B+2) = 2x2
W

2 E
O ↑

2x+ 0x + 0

Get :

- ①2A = 2

GA + 2B = 0 ②
2A+ 3B + 2 C = 0 ③3
① gives E + 6(1) + 2B = 0.

Plug into ② and ge ⑮3

Plug into and get 2(1) + 3 ( 3) + 2 = 0

⑳12
Thus ,

yp = Ax=Bx + c = x= 3x + E



3: The general solution to

y"+ 3y+ 2y = 2x
=

is

y = yn + yp

y = c,
"

+(+ x23x+[
-

nunnur-
E: Solve

=
2

y"- y+ y = 0



The characteristic equation is

r2 r + 1 = 0

The roots are

r
=
=i

↳ = "2 , B= 5/2

General formula :

--XX

Yh = <ecos(px) + ce
*

sin(BX)

In our case we get :



s
Gress :

Yp = Acos(3x) + Bsin(3x)

We get

20 = -9Acx)x) -

apyp =
- 3Asin(3x) + 3Bcos(3x)

Plug these into thenation:



(-9Acos(3x) - 9Bsin(3x))
I

- ( - 3Asin(3x) + 3B(us(3x)) J ↳
+ (Acos(3x) + Bsin(3x)

= 2sin(3x)

Regrouping :

&B) sin(3x)+SB) cos

=
Zsin(3x)

Need

3A - 8B = 2 D

[- 8A - 3B = 0 ②

② gives A = -B,



Plug into 0 : 3 B) - 8B = 2

-

&B - 8B = 2

-B = 2

B=C
So, A = B =(=) =E

Thus ,

Yp= (s(3x) - sin(bx)
Wi

-al solution to



y"- y + y = [sin(3x)

is

y = yn + yp

·si
73

-



What can go wrong with

the guessing method for yp ?
&

If your Ye guess appears

as a term in Yh[then you
need to multiply

Your guess by powers

of X until your guess

doesn't appear
as a

term in Yh



-
y"- Sy+ 4y = 0

The characteristic equation is

&

rE5r + 4 =

0= 0

r = 4
,

1

The roofs are

r
==4()(4)

=
=



The solution to y"-byt 4y = 0

tionso to

y"- Sy + 4y=
The table says to guess

Yp = Aex >X

This won't work, Yp
=He

appears as a
term in In

Try plugging it into

We have yp : Ae
,

y = Ae
, ye= Ae

plugging into the equation gives :



-SATY(Ae=

This gives

0 = Se
T

This isn't solvable .

Since yp = Aex appears
as a

&term in Yh = c
,
e"*+e

*

we need to multiply our guess

by an X.

Instead guess:Axe
*

We have yp = Ae+ Axe

y = Ae + (Ae+ Axe

= 2Ae
*

+ Axe
*



Now plug into y"-Sy't 4y = Se
*

to get :

+Axe
*) -StAxe) + 4(e) = Se

Ys ys Yp

This gives :

S
- 3Ae

"
= SeY

Need
-3A = S

So
, A =

- 8/3

Key+ 43 = Get



Sep3 : The general solution to

e"- Sy+ 4y = 8e
*

is

Een-
--

EX: Solve

y"- 2y+ y
=

e

El: Solve

y"- 2y+ y = 0



The characteristic equation is

2- zr + 1 = 0

We get

(r - 1)(r - 1) = 0

So we get a repeated

real rootr =

Then,[(n = ce
*

+ xe
to

is the general solution

pressbe for
X

y"- 2y' + Y = C
-

b(x)



The table says to guess Yp = Ae
But this appears in Yn=+Exe

*

X

So multiply by x and guess yp
= Axe

1

rogress
But this appears in Yn = ce

*

te
So multiply our guess by X again

to get Yp = Axe
*

-
doesn't6appear

Now we plug it in . inTh

Yp = AxeY

y5 = 2Axe* + Axe
*

yp = (2He+ 2Axe) + (2Axe
*

+ AxeY

= 2Ae
*

+ YAxe
*

+ Axe
Y

Plug these into

y"- zy' + y = e
*



to get :

(2Ae
*

+ 4Axe
*

+ Axe
*) - 2(2Axe+ AxeY

+ Axe" = ex

This gives :

2Ae+xe
*+

*

-#e***
X

-west:
X

2Ae
*

= e

Need
2A = 1

So ,
A = 12

Thus , yp = Exe*
solves



-ysolution to

y"- 2y' + y = e
*

is

[y = yn + yp = c
,
e+xe

*

+ Ex*

-
-resem-



There is also the situation where the

b(x) on the right side of the equation[is a sum of terms. In this case

your guess would be a sum of

in b(x)

terms ,
one for each term

-X

Ex For y" + Zy=E

you
would guess :-

Xp=B+
-
Ex: For y"ty)+e

world guess : ↑ &
you -
-

yp = Asin(x) + Bcos(x) + (x2+ Dx + E


